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1. Introduction
We consider the following 3D incompressible Navier–Stokes equations with damping:⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
ut − μu + u · ∇u + α|u|β−1u + ∇p = 0,
divu = 0,
u(0, x) = u0(x),
lim|x|→0 |u(t, x)| = 0.
(1.1)
Here u = u(t, x) = (u1(t, x),u2(t, x),u3(t, x)) is the velocity, p = p(t, x) is a scalar pressure. In the damping term, α > 0
and β  1 are two constants. The prescribed function u0(x) is the initial velocity with divu0 = 0, and the constant μ > 0
represents the viscosity.
When α = 0, (1.1) reduces to the classical Navier–Stokes equations, to which the global existence of weak solutions were
established by Leray [14] and Hopf [8]. Since then, there has been a lot of literatures devoted to investigating the issue of
uniqueness and regularity (see [4,6,7,11–13,15,17–20] and references therein). However, whether the unique local strong
solution can exist globally or a given weak solution is regular and unique remains completely open.
The damping is from the resistance to the motion of the ﬂow, to which various physical phenomena such as porous
media ﬂow, drag or friction effects are related (see [2,3,9,10] and references therein). In [5], the authors successfully proved
that the Cauchy problem (1.1) possesses
– global weak solutions when β  1;
– global strong solutions when β  7/2;
– and the global strong solution is unique when 7/2 β  5.
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– global strong solution to (1.1) when β > 3;
– and the global strong solution is unique when 3 < β  5.
Now, let us introduce some notations that will be frequently used throughout this paper. The Lp-norm of a measurable
function f is denoted by ‖ f ‖p , the Hs-norm ‖ f ‖Hm . An absolute constant C may change from line to line.
The plan of the remaining sections is as follows. In Section 2, we recall the deﬁnition of weak and strong solutions
to (1.1). Section 3 is devoted to establishing the global existence of strong solutions to (1.1) when β > 3 and the uniqueness
of strong solution in case 3 < β  5.
2. Preliminaries
In this section, we recall the deﬁnition of weak and strong solutions to (1.1), and the well-known Gagliardo–Nirenberg
inequality which will be used frequently later on.
As in [5], we have
Deﬁnition 2.1. A measurable pair (u(t, x), p(t, x)) is said to be a weak solution to (1.1) if for any T > 0, the following three
conditions hold,
(1) u ∈ L∞(0, T ; L2(R3)) ∩ L2(0, T ; H1(R3)) ∩ Lβ+1(0, T ; Lβ+1(R3));
(2) for any φ ∈ C∞c ([0, T ) ×R3) with divφ = 0,
−
T∫
0
∫
R3
uφt dxdt + μ
T∫
0
∫
R3
3∑
i, j=1
∂ jui∂ jφi dxdt +
T∫
0
∫
R3
(
u · ∇u + α|u|β−1u)φ dxdt =
∫
R3
u0φ(0, x)dx;
(3) divu(t, x) = 0 a.e. (t, x) ∈ (0, T ) ×R3.
Remark 2.1. Utilizing Galerkin approximation, Cai and Jiu [5] showed that (1.1) has global weak solutions in case β  1.
Indeed, the authors dealt with the compactness of approximated solutions using Fourier transform, β  1 is natural when
invoking Hausdorff–Young inequality.
As usual, weak solutions are not regular enough to ensure uniqueness, we have the following
Deﬁnition 2.2. A measurable pair (u(t, x), p(t, x)) is said to be a strong solution to (1.1) on (0, T ) × R3 if it is a weak
solution and satisﬁes
u ∈ L∞(0, T ; H1(R3))∩ L2(0, T ; H2(R3))∩ L∞(0, T ; Lβ+1(R3)).
Remark 2.2. Mainly guided by the restrictions of Gagliardo–Nirenberg inequality, Cai and Jiu [5] established the global
strong solutions to (1.1) when β  7/2. However, we ﬁnd that the authors do not track all the possibilities, and as a simple
extension, the index 7/2 is lowered down to 3 in Section 3.
Remark 2.3. In [5], the uniqueness of strong solutions was only shown in case 7/2 β  5. As will also be seen in Section 3,
the damping constant β is lowered down to 3, which seems to be critical, see Remark 3.1.
Before ending this section, we recall the well-known
Lemma 2.1 (Gagliardo–Nirenberg inequality). Let 1  p,q, r ∞, and j,m are arbitrary integers satisfying 0  j < m. Assume
u ∈ C∞c (Rn). Then∥∥D ju∥∥p  C‖u‖1−aq
∥∥Dmu∥∥ar ,
where
− j + n
p
= (1− a)n
q
+ a
(
−m + n
r
)
,
and
a ∈
{ [ j/m,1), if m − j − n/r is an nonnegative integer,
[ j/m,1], otherwise.
The constant C depends only on n,m, j,q, r,a.
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simplify the proof (see [1,21]).
3. Main result and its proof
We state our existence result in the following
Theorem 3.1. Suppose that β > 3, u0 ∈ H1 ∩ Lβ+1 with divu0 = 0. Then there exists a strong solution (u(t, x), p(t, x)) to (1.1)
satisfying
ut, |u| β−12 ∇u,∇|u| β+12 ∈ L2
(
0, T ; L2(R3)).
Moreover, if 3 < β  5, the strong solution is unique.
Proof. We ﬁrst establish the global existence of strong solutions to (1.1). As in [5], we need only do a priori estimates for
the Galerkin approximated solutions. The global existence of strong solutions follows by taking limits.
To this end, taking the inner product of (1.1)1 with ut , −u respectively, after suitable integration by parts, we have
μ
2
d
dt
∫
R3
|∇u|2 dx+ α
β + 1
d
dt
∫
R3
|u|β+1 dx+
∫
R3
|ut |2 dx = −
∫
R3
utu · ∇u dx, (3.1)
as well as
1
2
d
dt
∫
R3
|∇u|2 dx+ μ
∫
R3
|u|2 dx+ α
∫
R3
|u|β−1|∇u|2 dx+ 4α(β − 1)
(β + 1)2
∫
R3
∣∣∇|u| β+12 ∣∣2 dx =
∫
R3
(u · ∇u)u dx. (3.2)
Gathering (3.1), (3.2) together, and using Hölder and Young inequalities, it follows that
μ + 1
2
d
dt
∫
R3
|∇u|2 dx+ α
β + 1
d
dt
∫
R3
|u|β+1 dx+ 3μ
4
∫
R3
|u|2 dx
+ 1
2
∫
R3
|ut |2 dx+ α
∫
R3
|u|β−1|∇u|2 dx+ 4α(β − 1)
(β + 1)2
∫
R3
∣∣∇|u| β+12 ∣∣2 dx

∫
R3
|u|2|∇u|2 dx ≡ J . (3.3)
In [5], the authors proved this theorem when β  7/2. Therefore, from now on, we only consider
3 < β < 7/2.
Invoking Young, Hölder and Gagliardo–Nirenberg inequalities, J can be bounded as
J =
∫
R3
|u|2|∇u|2 dx
=
∫
R3
(|u| β−12 |∇u|) 2(5−β)β−1 (|∇u| 4(β−3)β−1 |u|β−3)dx

∫
R3
α
2
|u|β−1|∇u|2 dx+ C
∫
R3
|∇u|2|u| β−12 dx
 α
2
∫
R3
|u|β−1|∇u|2 dx+ C‖∇u‖24(β+1)
β+3
‖u‖
β−1
2
β+1
 α
2
∫
R3
|u|β−1|∇u|2 dx+ C(‖u‖β+1‖u‖2)‖u‖ β−12β+1
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2
∫
R3
|u|β−1|∇u|2 dx+ C‖u‖
β+1
2
β+1‖u‖2
 α
2
∫
R3
|u|β−1|∇u|2 dx+ μ
4
∫
R3
|u|2 dx+ C
∫
R3
|u|β+1 dx. (3.4)
Substituting (3.4) into (3.3), we ﬁnd that
μ + 1
2
d
dt
∫
R3
|∇u|2 dx+ α
β + 1
d
dt
∫
R3
|u|β+1 dx+ μ
2
∫
R3
|u|2 dx
+ 1
2
∫
R3
|ut |2 dx+ α
2
∫
R3
|u|β−1|∇u|2 dx+ 4α(β − 1)
(β + 1)2
∫
R3
∣∣∇|u| β+12 ∣∣2 dx
 C
∫
R3
|u|β+1 dx.
Then using Gronwall inequality yields
∫
R3
|∇u|2 dx+
∫
R3
|u|β+1 dx C1
(∫
R3
|∇u0|2 dx+
∫
R3
|u0|β+1 dx
)
eCT ,
where C1 depends on μ, α, β . And hence
u,ut,∇|u| β+12 ∈ L2
(
0, T ; L2(R3)).
Up to now, the global existence of strong solutions is proved. Let us proceed to show the uniqueness of strong solution.
Let u, u¯ be two strong solutions to (1.1) with the same initial u0. Then∫
R3
(
ut − μu + u · ∇u + α|u|β−1u
)
φ dx = 0, (3.5)
as well as∫
R3
(
u¯t − μu¯ + u¯ · ∇u¯ + α|u¯|β−1u¯
)
φ dx = 0, (3.6)
for any φ ∈ C∞c ([0, T ) × R3) with divφ = 0. A simple density argument shows that (3.5) and (3.6) hold for φ ∈
L2(0, T ; H1(R3)).
Subtracting (3.5) from (3.6) and taking φ = u − u¯ in the resulting equations, we have
1
2
d
dt
‖u − u¯‖22 + μ
∥∥∇(u − u¯)∥∥22 + α
∥∥|u| β−12 |u − u¯|∥∥22

∫
R3
|u − u¯|2 · |∇u¯|dx+ α
∫
R3
|u − u¯| · |u¯| · ∣∣|u|β−1 − |u¯|β−1∣∣dx
≡ I1 + I2. (3.7)
Using Hölder inequality, interpolation inequality and the fact that ∇u¯ ∈ L∞(0, T ; L2(R3)), we bound I1 as
I1  ‖u − u¯‖24‖∇u¯‖2
 C‖u − u¯‖
1
2
2
∥∥∇(u − u¯)∥∥ 322
 μ
2
∥∥∇(u − u¯)∥∥22 + C‖u − u¯‖22. (3.8)
For the second term, invoking the simple inequality
∣∣ap − bp∣∣ p(ap−1 + bp−1)|a − b|, ∀a,b 0, p ∈R,
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I2  C
∫
R3
|u − u¯|2 · |u¯| · ∣∣|u|β−2 + |u¯|β−2∣∣dx
 C
∫
R3
|u − u¯|2 · (|u|β−1 + |u¯|β−1)dx
 C‖u − u¯‖22
(‖u‖β−1∞ + ‖u¯‖β−1∞ ).
Utilizing Lemma 2.1, Sobolev embedding theorem and the fact that ∇v ∈ L∞(0, T ; L2(R3)), v = u or u¯,
‖v‖∞  C‖v‖
1
2
6 ‖v‖
1
2
2
 C‖∇v‖
1
2
2 ‖v‖
1
2
2
 C‖v‖
1
2
2 , v = u or u¯,
it follows that
I2  C‖u − u¯‖22
(‖u‖ β−122 + ‖u¯‖
β−1
2
2
)
, (3.9)
which together with (3.7), (3.8) yields
d
dt
‖u − u¯‖22  C
(
1+ ‖u‖
β−1
2
2 + ‖u¯‖
β−1
2
2
)‖u − u¯‖22.
Applying Gronwall inequality and using the fact that
u,u¯ ∈ L2(0, T ; L2(R3))⊂ L β−12 (0, T ; L2(R3)),
we deduce u = u¯ in the L2-sense. This completes the proof of Theorem 3.1. 
Remark 3.1. It seems that β = 3 is critical for the Navier–Stokes equations with damping. Since in this case,
J = C
∫
R3
|u|β−1|∇u|2 dx,
is a term on the left-hand side of (3.3) up to a constant.
Remark 3.2. When β = 3, we also have smoothness and thus uniqueness, if α is chosen large enough, α  C for example,
where C is the constant in (3.3).
Remark 3.3. We do not know whether (1.1) has global unique strong solution when 1 β  3. Indeed, if one can show the
regularity of the solution, then the uniqueness follows as the proof above.
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